A statistical variation-perturbation method is used in the derivation of multipole polarizabilities from Hartree-Fock electron densities. A quantum correction of the kinetic energy expressions takes into account the exponential decrease of the electron density in the outer part of the atom. The method is called semiempirical because of the still unsolved problem of the kinetic energy in the statistical theory of the atom. The results are compared to the best available experimental and theoretical values of dipole-and quadrupole-polarizabilities and show agreement within approximately 10 -15 percent. They are lower than Hartree-Fock perturbation results. As the numerical calculations are reduced to single integrations, the mathematical labor is considerably reduced. In an appendix dipole polarizabilities are calculated in the framework of the Gombas model including exchange and correlation for ionization degrees from zero to six.
Introduction
Multipole polarizabilities are important second order atomic properties finding wide applications in atomic interaction processes in gases, liquids and solids. Though calculations of Hartree-Fock wave functions with relativistic and correlation corrections are standard methods, the calculation of multipole polarizabilities still presents numerical difficulties, as was shown by Dalgarno 1 in his comprehensive review on polarizabilities.
Thus, coupled Hartree-Fock 1 (CHF) and many body Bruekner-Goldstone 2 (BG) perturbation theory is applied only to few atoms and ions. On the other hand easier methods like the Pople-Schofield 1 technique or uncoupled Hartree-Fock 1 (UHF) methods which were used for a large number of atoms and ions were criticized in a recent comprehensive data collection by Teachout and Pack 3 . They remarked that there can be deviations from the best experimental values of a factor 2. An easy method giving reliable multipole polarizabilities will therefore be needed.
The technique presented here will be shown to meet this demand. In 1958 Gombas developed a statistical variation-perturbation method including quantum corrections of the kinetic energy and applied it to the calculation of dipole polarizabilities 4 ' 5 . His results were encouraging for Ar, where he used a Hartree-Fock electron density. The complete agreement was fortuitous because of an error in his energy expression. His technique will be worked out for static field polarizabilities of higher order. Hartree-Fock electron densities which are assumed to be spherical will be used. Though no experimental or adjustable parameters are applied we call the method semiempirical because of the following reasons:
(i) The statistical theory is unable to give the atomic shell structure,
(ii) the mixing of statistical and Hartree-Fock methods is only justified by the success of giving multipole polarizabilities of good accuracy, (iii) the quantum corrections to the Thomas-Fermitheory are not unambigous for atoms as will be pointed out in Section 2.
As there exist excellent monographs 6 and reviews 7 ' 8 on the statistical theory of matter we shall give references to original papers only for those later than 1956.
The plan of the paper is the following: After a brief sketch of the present state of the kinetic energy problem in Section 2, the relevant formulae of statistical perturbation theory are summarized in Section 3. Numerical results are given in Section 4. Section 5 discusses limitations and further applications.
The Kinetic Energy of the Statistical Atom
In the original Thomas-Fermi (TF)-theory the kinetic energy density is given by Ek = y.kQ 5l \ *k = 0.3(3a 2 ) 2 / 3 fc 2 /m Q = density. Several authors found that £ = 1/9, the value which was derived by Kirzhnits 9 , is correct, but numerical results with this value were poor. The discussion of the kinetic energy expression was renewed by Yonei and Tomishima 12 ' 13 , who investigated numerically the statistical equation of the atom with variable £. They found for the energy, that £ = 0.2 gives the best agreement with HartreeFock results but they remarked that the density in the outer part of the atom is better approximated with £ = 1. In a systematic investigation of the inhomogeneous electron gas Kohn and coworkers 14 ' 15 showed that £ = 1/9 is valid for slowly varying density, a result which was further elaborated by Stoddart, Beattie, and March 26 . Bruekner and Ma 17 used linear response theory and found for slowly varying density the same result. Goodisman 10 used a WKBtype approach and suggested that the full Weizsäcker-correction should be used throughout along with the Thomas-Fermi-term. He introduced a cutoff near the nucleus such that the ls-density no longer dominated the total density. Baltin 11 
in tne limit ot y-> oo becomes the Weizsäcker term alone. We conclude that £ = 1/9 is valid only for slowly varying density and cannot be used for the exponentially decaying electron density in the outer part of the atom. In the following calculations we shall use the Thomas-Fermi and the Weizsäcker term with £ = 1, which seems to be reasonable from Goodisman's 10 and Baltin's 11 work. For comparison we shall give the results for the rare gases with £ = 0.2 [Table 3 ] showing that the results are unreasonably high.
Formulae of Statistical Perturbation Theory
Applied to Multipole Polarizabilities
The variation-perturbation theory for the statistical atom was derived by Gombäs 4 . As the original work is not always available the relevant formulae are sketched and generalized for multipole polarizabilities.
For the density Q, weakly perturbed by an external field, the perturbed density Q is
From the Fermi-Almadi model (see Gombäs 6 ) follows a possible form of the density variation Sq
with X = variation parameter, vs = perturbing potential,
The energy of the perturbed atom is expanded to second order in 1 leading with the abbreviation
to the first and second order perturbation energies AE1 and AE2.
AE,= -rsA+(rk+ri +rp-ra)x 2 (9) where W&, Wk, W\. Wp, are the following integrals 
The variation parameter 1 is fixed by the minimum condition for the energy
Analogous to the Rayleigh-Schrödinger theory the first order energy change is the average of the perturbing potential. The second order perturbation energy is
i Dalgarno 1 gave the relation between multipole po larizabilities and second order perturbation theory Higher order perturbation theory will lead to hyper- and point charge. The v{ are replaced by the Ti (10) - (14) for each multipole order separately centred at the nucleus. The customary multipole exleading to the multipole polarizabilities. The inte-Z = atomic charge, t{ = distance between electron i and point charge. Tl centred at the nucleus pansion is performed:
The perturbing potential can be introduced in 0) - (14) 
(25)
The consistent way would be the calculation of £>(r) shima 12 > 13 . Furthermore it was already mentioned from the Thomas-Fermi-Dirac-Weizsäcker (TFDW-) in the introduction that the statistical density differs equation, insertion into (10) - (14) and integrafrom the Hartree-Fock density in several respects tion. Solving the TFDW-equation is not easy as was leading to unrealistic polarizabilities, which was shown by Gombas 6 
Multipole Polarizabilities

The two Electron Isoelectronic Series
We seperate the results for the two-electron series, as for one and two electrons, the kinetic energy is identical with the Weizsäcker-term alone. The expression for the perturbed energy of the second order is: a = rs 2 /2(ri + irp).
(29)
The result of the calculation up to L = 4 is given in Table 1 , together with the recent results by Stewart and Webster 18 . It is not surprising that the two electron series can be written as an approximate hydrogenic series (see 4.3 below).
Many-electron Atoms and Ions
Using Hartree-Fock electron densities from the literature, which are assumed to be spherical, Table 2 
Some Qualitative Checks
More than forty years ago Pauling 19 calculated polarizabilities with a hydrogenic model which were in fair agreement with experimental results. He suggested that dipole polarizabilities should vary inversely as the fourth power of the screened nuclear charge. The so called "Pauling plot" was used often as a check of consistency for isoelectronic series. For multipole polarizabilities in [Ä 2L + 1 ] for a hydrogenic system it is:
where a is a screening constant. It could be expected that this expression is valid for effective one-and two-electron systems but it is very surprising that is applies to the three-and four electron isoelectronic series, too. This can be seen both from CHF-values and from the results given in Table 2 . We plotted the appropriate inverse powers of the multipole polarizabilities for two-, three-and four-electron systems against the nuclear charge. Though the CHF-and TFDW-HF-plots have different slopes they are consistent.
A second check of our choice of £ in the kinetic energy expression is by solving the perturbation The electron densities used in the TFDW-HF-calculations are from reference a of Table 2 . The numbers in round brackets (re) mean multiplication of the preceding number by 10 w . energy part (20) with £ = 0.2 for the rare gases. The results are given in Table 3 , showing that £ = 0.2 seems not to be a good approximation in the outer part of the atom. This is in agreement with Goodisman's suggestion that the complete kinetic energy term should be used outside a shell centred near the nucleus. The results for atoms and ions with Z> 36 are not so good which may depend on relativistic and correlation contribution to the atomic wave function. It is possible to take both corrections into account. Tomishima 22 constructed a relativistic statistical theory including the Weizsäcker correction. Gombas 23 and Schneider 24 discussed statistical expressions for the correlation. We did not use these modifications as in addition to the uncertain correction of the kinetic energy further energy corrections would obscure the results. The TFDW-HFmethod serves as an easy semiempirical method for calculating reliable multipole polarizabilities.
Conclusion and Discussion
By application of a statistical variation-perturbation method on spherical Hartree-Fock densities including a gradient correction to the kinetic energy, we got a large number of atomic and ionic multipole polarizabilities which were shown to be in good or reasonable agreement with the best available values in comparable cases. The TFDW-HF-method has the advantage of short computation times. It is not successful for negative ions and alkali like atoms and ions with their far reaching electron dena 10 -
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Appendix
In his monograph Gombas 6 discussed in detail a simplified model for the calculation of electron densities and dipole polarizabilities for atoms and ions. For the polarizabilities he used 
r0 boundary radius of the model.
